We introduce the notion of normal hyperimaginary and we develop its basic theory. We present a new proof of Lascar-Pillay's theorem on bounded hyperimaginaries based on properties of normal hyperimaginaries. However, the use of Peter-Weyl's theorem on the structure of compact Hausdorff groups is not completely eliminated from the proof.
For background on hyperimaginaries we refer to [1] . Recall that a hyperimaginary is an equivalence class e = a E of a possibly infinite tuple a under a 0-type-definable equivalence relation E.
For a hyperimaginary e, let Fix(e) = Aut(C/e) be the group of automorphisms of the monster model C fixing e. A hyperimaginary d is definable over e if f (d) = d for all f ∈ Fix(e). The definable closure dcl(e) of e is the class of all hyperimaginaries definable over e. Two hyperimaginaries e, d are equivalent, written e ∼ d, if they are interdefinable, that is, if dcl(e) = dcl(d).
The cardinality |e| of a hyperimaginary e is the minimal cardinality of a set A of real elements (i.e., A ⊆ C) such that e ∈ dcl(A). In this case, for any cardinal κ ≥ |e| there is a 0-type-definable equivalence relation E on κ-sequences and there is a κ-sequence a such that e ∼ a E . The hyperimaginary e is called finitary if |e| < ω. Equivalently, e is finitary if e ∼ a E for some finite tuple a and some 0-type-definable equivalence relation E.
A hyperimaginary e is bounded if it has a small orbit (an orbit of cardinality smaller than the size of the monster model). We denote by bdd(∅) the class of all bounded hyperimaginaries. There is a single hyperimaginary e which is interdefinable with bdd(∅), in the sense that dcl(e) = bdd(∅). More generally, for any definably closed class A ⊆ bdd(∅) there is a single e ∈ A such that A = dcl(e). For any index set I, the relation ≡ bdd(∅) of having the same type over bdd(∅) restricted to I-sequences is the smallest bounded (i.e., with a small number of classes) 0-type-definable equivalence relation on I-sequences. It is also called the Kim-Pillay equivalence relation and its classes are called KP -strong types.
We see the class of all definably closed classes of hyperimaginaries as a lattice with the order of inclusion. Hence inf(A, B) = A ∩ B and sup(A, B) = dcl(A ∪ B). By abuse of notation we write something like inf(e 1 , e 2 ) ∼ d or even inf(e 1 , e 2 ) = d for hypermaginaries * A previous version of these results, written by the first author, circulated as a preprint note since 2008 after they were presented in the Lascar and Pillay proved in [2] that every bounded hyperimaginary is equivalent to a sequence of finitary hyperimaginaries. Their proof rely on an application of Peter-Weyl's theorem on the structure of compact Hausdorff groups according to which each such group is an inverse limit of compact Lie groups. We are trying to find a purely model-theoretical proof of the same result, avoiding the use of Peter-Weyl's theorem.
The group G = Aut(bdd(∅)) of elementary permutations of bdd(∅) is a topological group, with a compact Hausdorff topology. Its closed subgroups are all subgroups of the form Fix G (e) = {f ∈ G : f (e) = e} with e ∈ bdd(∅). For a complete description of the topology see [2] or [3] . If we endow Aut(C) with the topology of pointwise convergence (a basis of open sets is given by all sets of the form {f ∈ Aut(C) : f (a) = b} for all finite tuples a, b ∈ C) then Aut(C) is a topological group and the canonical projection Aut(C) → G is continuous. Notice that G ∼ = Aut(C)/Aut(C/bdd(∅)). According to Peter-Weyl's theorem, there is a family (G i : i ∈ I) of normal closed subgroups G i of G such that i∈I G i = {1} and each G/G i is a compact Lie group, and hence it has the descending chain condition (DCC) on closed subgroups. Each G i is of the form Fix G (e i ) for some e i ∈ bdd(∅). Let H i = Fix(e i ) be the corresponding subgroup of Aut(C). Then i∈I H i = Aut(C/bdd(∅)) and therefore (e i : i ∈ I) is interdefinable with bdd(∅) seen as a single hyperimaginary. Moreover the DCC of G/G i translates as follows: there is no strictly ascending chain
This explains the following definitions:
Definition 1 A hyperimaginary e is normal if Fix(e) is a normal subgroup of Aut(C). A hyperimaginary e is DCC if there is no sequence (e n : n < ω) of hyperimaginaries e n ∈ dcl(e) such that e n ∈ dcl(e n+1 ) and e n+1 ∈ dcl(e n ) for each n < ω.
Peter-Weyl's theorem give us a sequence (e i : i ∈ I) of normal DCC hyperimaginaries e i ∈ bdd(∅) such that (e i : i ∈ I) ∼ bdd(∅). We will see that normal hyperimaginaries are bounded and that normal DCC hyperimaginaries are finitary. We will show that in order to prove Lascar-Pillay's theorem it is in fact enough to find a sequence (e i : i ∈ I) of finitary normal hyperimaginaries e i such that (e i : i ∈ I) ∼ bdd(∅).
Definition 2 We call Peter-Weyl's condition to the statement that there is a sequence (e i : i ∈ I) of finitary normal hyperimaginaries e i such that (e i : i ∈ I) ∼ bdd(∅).
We have not been able yet to prove Peter-Weyl's condition (without using Peter-Weyl's theorem), but we can offer an easy-to-follow proof of Lascar-Pillay's theorem assuming it.
Proposition 3
The following are equivalent for any hyperimaginary e:
1. e is normal.
For any e
′ ≡ e, e ′ ∈ dcl(e).
3. e ∼ (f (e) : f ∈ Aut(C))
4. e is equivalent to a sequence enumerating an orbit of a hyperimaginary.
Proof: 1 ⇔ 2. By definition, e is normal iff for any f, g ∈ Aut(C) such that f (e) = e, we have g −1 f g(e) = e, that is f (g(e)) = g(e). Therefore, e is normal iff {g(e) : g ∈ Aut(C)} ⊆ dcl(e).
⇒
Proof: Let e be normal. If (e i : i < κ) is a long enough sequence of different conjugates of e, then we can find i < j < κ with e i ≡ e e j . Since e i , e j are definable over e, e i = e j , a contradiction. ✷
Proposition 5 A hyperimaginary e is normal if and only if for any index set I, the equivalence relation ≡ e on I-sequences is 0-type-definable.
Proof: Let (e j : j ∈ J) be a (bounded) orbit equivalent to e. Then ≡ e = ≡ (ej:j∈J) , which is clearly invariant and type-definable, hence 0-type-definable.
If ≡ e is 0-type definable, then also ≡ e as a relation between hyperimaginaries is 0-typedefinable. Let f ∈ Fix(e) and g ∈ Aut(C) such that g(e) = e ′ . Then e ′ ≡ e f (e ′ ). If we apply g −1 we see that e ≡ e g −1 f (e ′ ) and hence g −1 f (e ′ ) = e. If we apply g we conclude that f (e ′ ) = g(e) = e ′ . Therefore e ′ ∈ dcl(e). ✷
Remark 6
If each e i is normal, then (e i : i ∈ I) is normal.
Lemma 7 Let e = a E be normal.
1. e ∼ a ≡e .
For any sequence m enumerating a model, e ∼ m ≡e .

Proof:
1. If e is normal, then ≡ e is 0-type-definable and a ≡e is a hyperimaginary. Assume first f ∈ Fix(e). Then a ≡ e f (a) and therefore f (a ≡e ) = a ≡e . For the other direction, assume now f (a ≡e ) = a ≡e . Then f (a) ≡ e a. Since a E = e, f (a E ) = e, that is, f (e) = e.
2.
Assume m enumerates a model. Clearly, m ≡e ∈ dcl(e). On the other hand, if f fixes m ≡e then m ≡ e f (m) and there is some g ∈ Fix(e) such that g(m) = f (m). It follows that f g −1 fixes pointwise a model and it is a strong automorphism, which implies it fixes every element of bdd(∅). Hence f (e) = f g −1 g(e) = f g −1 (e) = e. ✷
Proposition 8 Every normal hyperimaginary is equivalent to a sequence of finitary hyperimaginaries.
Proof: Let e be normal. By the previous lemma, ≡ e is type-definable over ∅ and e ∼ a ≡e for some sequence a. Let a = (a i : i < κ) and for each finite X ⊆ κ let E X be defined for κ-sequences b, c by
If e X = a E X , then each e X is finitary and e ∼ (e X : X ⊆ κ finite ). ✷
Lemma 9 Every normal DCC hyperimaginary is finitary.
Proof: Let e be normal DCC. Choose, like in the proof of Proposition 8, a sequence a = (a i : i < κ) such that e ∼ a ≡e and define E X and e X as in that proof. Clearly, e X ∈ dcl(e) and if X ⊆ Y , then e X ∈ dcl(e Y ). Since e is DCC, there is some finite X such that for all finite Y ⊇ X, e Y ∈ dcl(e X ). It follows that e ∼ e X and hence e is finitary. ✷
Proposition 10
1. For any 0-type-definable equivalence relation on κ-sequences F , for any hyperimaginary e, if E =≡ e , then the relational product
2. Given κ ≥ |T | and d ∈ bdd(∅) such that |d| ≤ κ, there are a bounded 0-type-definable equivalence relation F on κ-sequences and a κ-sequence m such that for any normal e, if E is the 0-type-definable equivalence relation ≡ e on κ-sequences, then m E ∼ e, m F ∼ d and m E•F ∼ inf(e, d).
Proof: 1. We must check symmetry and transitivity of E • F . For symmetry, assume a ≡ e bF c and choose an automorphism f such that f (e) = e and f (a) = b. Let c ′ be such that f (c ′ ) = c. Then ac ′ ≡ bc and therefore F (a, c ′ ). Hence c ≡ e c ′ F a. Using now symmetry, for transitivity it is enough to prove that if a ≡ e bF c ≡ e d, then aE
2. Led d = a G for a sequence a. We may assume G is bounded. By choice of κ, a can be extended to a sequence m = (m i : i < κ) enumerating a model. Let I ⊆ κ be such that a = (m i : i ∈ I) and define F by
It is a 0-type-definable equivalence relation and m F ∼ d. Let E =≡ e . Then clearly m E ∼ e. It is also clear that m E•F ∈ dcl(m E )∩dcl(m F ). Now we assume e ′ ∈ dcl(m E )∩dcl(m F ) and we check that e ′ ∈ dcl(m E•F ). For this purpose, let f be an automorphism fixing m E•F . Then E • F (m, f (m)) and by symmetry F • E(m, f (m)). Let b be such that mF bEf (m).
Remark 11 To prove Peter-Weyl's condition it is enough to prove that for every finitary bounded hyperimaginary e there is a family (e i : i ∈ I) of finitary normal hyperimaginaries e i such that e ∈ dcl(e i : i ∈ I).
Proof: There is a normal e such that e ∼ bdd(∅). Since e is equivalent to a family of finitary bounded hyperimaginaries and each finitary bounded hyperimaginary is definable over a family of finitary normal hyperimaginary, we conclude that e is definable over a family (e i : i ∈ I) of finitary normal hyperimaginaries. It follows that e ∼ (e i : i ∈ I). ✷ Corollary 12 (Lascar-Pillay) Every bounded hyperimaginary is equivalent to a sequence of finitary hyperimaginaries.
Proof: (Assuming Peter-Weyl's condition) Let d be a bounded hyperimaginary and choose a family (e i : i ∈ I) of finitary normal hyperimaginaries such that (e i : i ∈ I) ∼ bdd(∅). Let κ ≥ |I|, |d|, |T |, and for each i ∈ I let E i be the equivalence relation ≡ ei on κ-sequences. Let E be the Kim-Pillay equivalence relation ≡ bdd(∅) on κ-sequences. We may assume that the family is closed under finite composition (that is, for any i, j ∈ I there is some k ∈ I such that e k ∼ e i e j ), which implies E = i∈I E i . Choose with Proposition 10 a 0-type-definable bounded equivalence relation F on κ-sequences and some κ-sequence m such that d ∼ m F , e i ∼ m Ei and inf(e i , d) ∼ m Ei•F . Since e i is finitary, inf(e i , d) is finitary too. We claim that d ∼ (inf(e i , d) : i ∈ I). Notice that F = E • F . Hence d ∼ m E•F and it is enough to check that m E•F ∈ dcl(m Ei•F : i ∈ I). Let f be an automorphism fixing each m Ei•F . Then for each i ∈ I there is some a i such that
By compactness there is some a such that E(m, a) ∧ F (a, f (m)). Hence f fixes m E•F . ✷
